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1. Introduction

The study of deformations of algebraic structures in the sense of Gerstenhaber
[13] encouraged Bayen, Flato, Fronsdal, Lichnerowicz and Sternheimer [3] to
view quantum mechanics as a theory of functions on phase spaces with deformed
products and Poisson brackets. They suggested “that quantization be understood
as a deformation of the structure of the algebra of classical observables, rather
than a radical change in the nature of the observables™, and were able to calculate
the spectrum of the hydrogen atom in this framework. This suggests also the pos-
sibility of developing new methods for quantum theories, especially quantum field
theories.

Such an approach is not new. Since the Poincaré group is in a sense a defor-
mation of the group of Galilean transformations, the theory of relativity can be
viewed as a deformation of nonrelativistic physics. We obtain the nonrelativistic
case by passing to a certain limit of a deformation parameter (velocity of light ).

The basic mathematical structures of classical mechanics are the algebra
V=C>(N) of smooth functions on the phase space N under ordinary multipli-
cation and the Lie structure on ¥ induced by the Poisson bracket defined by the
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symplectic form. The appropriate deformations of the associative algebra struc-
ture on ¥ are called star-products. The first star-product appeared as the inverse
Weyl transform of the product of operators (Moyal [24]). It was rediscovered
by Vey [28], who considered also deformations of the Poisson bracket.

The existence of star-products for symplectic structures was proved by Nero-
slavsky and Vlassov [25] for manifolds with a vanishing third De Rham cohom-
ology group and finally by De Wilde and Lecomte [9] in all generality. The
method consists of constructing the deformation step by step and requires deep
tools from differential geometry, since one encounters obstructions in Hoch-
schild and Chevalley cohomology. Unfortunately, the method is not constructive
in the sense that we can write the star-product explicitly. On the other hand, one
wants to consider more general Poisson brackets than those obtained from sym-
plectic forms. For example, Dirac, in the course of his research on degenerate
Lagrange systems, suggested that the classical Poisson bracket should be replaced
by a different bracket, which is now known as the Dirac bracket. It is a particular
case of what is now called a Poisson structure (cf. ref. [22]) or, more generally,
a Jacobi structure in the sense of Lichnerowicz [23] or a local Lie algebra struc-
ture in the sense of Kirillov [18] (see also ref. [15]). These notions are of a
geometrical nature and their precise definitions make use of the so called Nijen-
huis-Schouten bracket of antisymmetric contravariant tensors on a manifold.

The abstract algebraic concept of a Poisson structure first appeared in papers
by Krasil’shchik and Vinogradov [21] as “canonical algebra™ and by Guillemin
and Sternberg [16]. It was studied and developed by Braconnier [6], Bhaskara
and Viswanath [4] and Krasil’shchik [19,20] in the graded algebra version as
well. Also Atkin and the present author in refs. [1,2,14] used this concept for
proving theorems concerning homomorphisms of Lie algebras associated with a
symplectic form.

It is a common trend in differential geometry to algebraize notions and for-
mulas as much as reasonable in order to work coordinate free. The well-known
example of such a procedure is to understand vector fields as derivations of the
algebra C*(N) of smooth functions on a manifold, differential forms as antisym-
metric C*(N) multilinear mappings, etc.

The Nijenhuis-Schouten bracket is in this language a particular case of the
Nijenhuis-Richardson bracket for antisymmetric multilinear mappings over a
vector space [26] and one can see, comparing the clear algebraic form of the
Nijenhuis-Richardson bracket with the mysterious form of the Nijenhuis—
Schouten bracket expressed in local coordinates, how powerful such an algebrai-
zation can be. It simplifies and clarifies calculations which on the level of local
coordinates not only may be complicated but also hide the essence of the problem.

Our aim is therefore to develop a purely algebraic approach to Poisson or Ja-
cobi structures and star-products. The object under consideration will be an as-
sociative commutative algebra ¥ with unit over a field of characteristic zero. We
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introduce an algebraic notion of linear differential operators on ¥ in the spirit of
Vinogradov (see, e.g., refs. [21,29]) and define a Jacobi structure to be a Lie
algebra structure on ¥ given by a differential operator.

This approach has many advantages. First, we can take for V' not only the al-
gebra C=(N), but also the algebra of polynomial, real analytic, helomorphic, etc.,
functions. Secondly, we have a proper language for such geometrical structures
not only on manifolds but also on more general and important spaces such as
spaces of orbits or leaves of generalized foliations, where the local coordinate
approach is mostly inappropriate. And finally, we could deal with Poisson struc-
tures on infinite-dimensional manifolds, which gives the possibility of discover-
ing new quantization schemes for field theories.

We start in section 2 with an algebraic formalism developed by De Wilde and
Lecomte in ref. [ 10] concerning a graded Lie algebra structure on the space M (V)
of multilinear mappings over a vector space V, Hochschild and Chevalley cohom-
ology, and deformations. Assuming that ¥ is an associate commutative algebra,
we introduce in section 3 the notion of a linear differential operator on ¥ and
some additional structures on M (V).

In section 4 we define a Jacobi algebra. We show that, under some reasonable
assumptions, the Jacobi structure must be given by a differential operator of or-
der 1, and we give a precise description of this operator, which can be viewed as
a generalization of the algebraic part of Kirillov’s results [18]. We define a star-
product and prove a formula showing that the universal enveloping algebra of a
Lie algebra is obtained from a star-product for the canonical Poisson structure on
the dual to the Lie algebra. '

Section 5 is devoted to a graded Lie algebra structure, cohomology, and star-
products in the tensor algebra of a universal enveloping algebra, which are com-
patible with these notions for multidifferential operators. This can be regarded
as a translation of the problem of existence of star-products to a formal level.
Using the graded Lie algebra structure we define Poisson elements and point out
a connection with the classical Yang-Baxter equations and some results of Drin-
fel'd [12].

A theorem there, concerning cohomology, shows what was hidden behind the
proofs of Vey [28] and Cahen, De Wilde and Gutt [7] concerning the descrip-
tion of the local Hochschild cohomology of the algebras of smooth functions on
a manifold.

We use the results of section 5 in the last section, where we prove the existence
of star-products of order 3 in general, and star-products of infinite order in a
special case. In particular, for some Poisson structure we get explicitly defined
star-products, which can be viewed as generalizations of Moyal products. Note
that the method works for degenerate Poisson structures as well. We end with
some examples of Poisson structures and corresponding star-products. It is worth
noting that, since quantum groups can be understood as deformations of Hopf
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algebras of functions on topological groups, the associative part of these defor-
mations can probably be written as a star-product for the Lie-Poisson structure
on the group which is the infinitesimal part of this deformation (quantum group).
Therefore the star-product associated to a quantum group will give an interesting
approach to the noncommutative differential geometry in the spirit of Connes
[8] and, we believe, will open new perspectives to understand quantum group
structures. We shall discuss these questions elsewhere.

2. Preliminaries

In this section we shall mainly use definitions and results of De Wilde and
Lecomte [10], which seem to form the proper algebraic setting of the problem.

Let V be a vector space over a field £ of characteristic 0. We denote by M? (V)
the space of all (p+1)-linear maps 4 : V?*'>V (p=>0), M~'(V)=V, and we
set

M(V)= @ M~/(V).

p>—1
For the graded vector space M (V) define
it M(V)2-M((V)
by i(B)A=0if AeM~"'(V) and
I(B)A (X0, <oy Xavs)

a
= kzo (_ 1 )kbA (xO, s X1y B(xk: (i) xk+b): Xk b415 +oos xa+b) )

if AeM?(V) (a=0) and Be M®(V). Define now A : M(V)*>M(V) by
AAB=i(B)A+ (—1)®*i(4)B, AeM4(V), BeM® (V).

The “bracket™ A in M (V) is an extension of the usual commutator bracket in
MO(V).
For the graded subspace &/ (V) =®,, _, #?(V), where the space (V') is the
space of all antisymmetric elements of M?( V), define A : o (V)2 o/ (V) by
_ (a+b+1)!

AAB= ——2 " (4 Ae st b
AB= ity YALB), Aeal*(V), Bedl'(V),

where « stands for the antisymmetrization projector in M (V).

Proposition 2.1. The pairs (M(V), A) and (4 (V), A) are graded Lie algebras.
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Remark 2.2. The “bracket”” A was introduced by De Wilde and Lecomte. Its an-
tisymmetric part A was earlier known as Nijenhuis—Richardson bracket [26].
On the other hand, the Nijenhuis-Richardson bracket was introduced as an al-
gebraic generalization of the Nijenhuis-Schouten bracket for antisymmetric con-
travariant tensors on a manifold [27].

For a graded Lie algebra (E,[(0) and AecE define d,: E-E by 6,(B)=
(—1)?40B, BeE®.

Proposition 2.3. Let (E, O) be a graded Lie algebra (M(V), A) [(# (M), A)].
Then AcE' defines an associative (Lie) algebra structure on V if and only if
AOA=0. In this case 3, : E—~E is homogeneous of degree | and satisfies 3,-9,=0.
Hence O induces on the cohomology space H(E,[0)=kerd,/imd, a graded Lie
algebra structure.

Remark 2.4. If AeM (V) is such that AAA=0, we have seen that (¥, 4) is an
associative algebra. The cohomology of d,, is the Hochschild cohomology of this
associative algebra. If 4e &' (V) such that AAA4=0, then (V, 4) is a Lie algebra
and the cohomology of d, is the Chevalley cohomology of the adjoint represen-
tation of (V,A).

Denote by V, the space of all formal series x, =2 ¢ €*x;. (x:€ V). An element
A, of MP(V,) is formal if it has the form

A (X, ., xP))= 3 & ( Y AxD, ., xP ) ,
k=0 rd-so4sp=k
where 4,e M? (V) for each r>0; A4, is called the rth component of A, and we can
write 4, = 2. 22 o £"A,. Thus the set of formal elements of M?(V,) or «?(V,) iden-
tifies naturally to M*(V),and &/?(V).,.

Proposition 2.5. The space M(V), is a graded Lie subalgebra of (M(V;), A) and
the space o/ (V). is a graded Lie subalgebra of (o4 (V,), D).

Let (V, A) be an associative or a Lie algebra. A formal deformation A, of A is
an associative or a Lie algebra structure on ¥, such that 4, is formal and 4,=A4.
Writing O for A or A, A, is an associative or a Lie algebra structure if and only
if 4,004,=0 and this in turn is equivalent to

Z A,DA_,=0 fork=l,2, [T
it+j=k
A formal deformation of order k of (V,A) is a formal 4, such that 4,=4 and
i+t A;OA;=0forall I<k.
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Proposition 2.6. A bilinear formal map A, =3 %, &'A; is a formal deformation of
order k of A, if and only if20,,, 4, =J; for all i<k, where

Ji= Y 4,04,
r+s=f
rs>0

and only if 8, Ji 4+, =0.

In order to construct a formal deformation of 4, a natural approach is to con-
struct by induction 4, such that >%_, ¢‘4, is a formal deformation of order k. To
pass from step k to step k+ 1, we know that J, ., is a cocycle for 9, and that we
can extend the deformation to the order k+ 1 by adding £¥*'4,., , if and only if
Jrx41=204,A4; . Thus the obstruction to extending the deformation from order
k to order k+ 1 is the cohomology class of J,. ,.

3. Linear differential operators in commutative algebras

In his famous paper [ 18] Kirillov considered Lie algebra structures on the space
C*®(N) of smooth functions on a manifold N given by differential operators. We
had the impression that at least a part of his work is in fact of a purely algebraic
nature and we succeeded in proving the corresponding generalization, which will
be presented in the next section. It can be applied to such geometric structures as
orbit or leaves spaces, for which we usually have no convenient manifold struc-
ture, but algebras of “smooth functions” can be easily defined. Thus we shall
make precise in this section what differentiability means from the algebraic point
of view. These ideas come from the work of Grothendieck and were used with
great success in a series of papers by Vinogradov and Krasil’shchik (see, e.g., refs.
[21,29]).

Our object under constderation will be an associative commutative algebra with
unit (¥, m, 1) over a field £ of characteristic 0. The standard model is of course
the algebra C*(N) of smooth functions on a manifold &, but we can also take
into account algebras of polynomial, real analytic or holomorphic functions, or
algebras of functions invariant with respect to a group action or functions con-
stant on leaves of a given foliation.

We shall usually write “xp” instead of “m(x, y)”.

The graded vector space M (V) (cf. section 2) possesses the natural associative
algebra structure “-” defined by

A°B(x0, veey xa+b+l)=A(x0, (A xa)B(xa+h srey -xa+b+l) H

AeMa(V), Be M°(V). Using the antisymmetrization projector c, we can define
the wedge product in &/ (V) putting
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!
AnBe (a+b+2)!

=+t B,

which makes & (V) into a graded commutative (or super) algebra. Define an
additional coboundary operator d : M*(V)-M**'(V) by

a
dA(XO’ seey xa+l)= z (_ 1 ),xiA(—XOs oo X1 Xigts oney xa+l) .
i=0

It is a matter of computation to show that d°=0. Since a-d=d-, d is also an
operator on &/ ( V) and, as can be easily seen, it is exactly the coboundary opera-
tor for the cohomology of the commutative Lie algebra V' with coefficients in the
regular representation induced by the multiplication m.

In M(V) we can distinguish the graded subspace of differential operators as
follows. In End, (V) =M°( V) we define recurrently the subspace Diff, () of lin-
ear differential operators of order <r by

(i) Diff,(V)={0}ifr<0,

(ii) Diffy(V)={DeM°(V) : D=H, for some xe V'}, where H.(y) =xy,

(iit) Diff, ., (V)={DeM®(V) : 6(x)DeDiff.(V) for all xeV}, where d(x)D
[D,H.] and the bracket [, ] is the usual commutator [D,,D,]=DcDs—
D,oD,.

Note that Diffy( V) is a commutative subalgebra of M° (V) and it is exactly the
space of cocycles with respect to the coboundary operator d : M°(V)->M' (V).

Since the operators {d(x) : xe ¥} commute, we can also write

Diff, (V) ={DeM (V) : 6(xp)e-+d(x,) D=0 forall xo, ..., x,e V'}.
It is not hard to verify that
Diff, (V) =Der(V)@®Diffy (V) ,
where Der (V) is the Lie algebra of derivations of ¥ and the splitting is given by
Diff, (V)aDw~ (D—Hp1y) +HpayeDer(V)®Diffo (V) .
Hence
Der(V)={DeDiff, (V) : D(1)=0}, (3.1)

i.e., derivations are exactly differential operators vanishing on constants.
It is also clear that the space Diff(V):=U,; o Diff,(V) of all differential oper-
ators on Visin a natural way a filtered associative and a filtered Lie algebra, since

DI°DZEDiffH+k(V), [Dl’DZ]EDiffn+k—-l(V) s
for D, eDiff,, (V), D,eDiff (V). (3.2)
We say that DeDiff (V) is of order r [and we write rank(D)=r], if DeDiff,(V)
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and D¢ Diff,_ (V).
The introduced definition coincides with the usual one for V=C=(N).

Proposition 3.1. Let V be the algebra C*(N) of smooth functions on a manifold
N. Then DeDift, (V) if and only if D is a local operator and in every local coordi-
nate chart (U, (x,, -.., X,) ) on N we have

D(f) (xla sery X,,)= Z }ﬂ(xla 1eey X,,)Dﬂ(f) (-xh reey xn) ’

1Blsr

where g are smooth functions on U and D=9 jox{'---8x 4" for all multiindices

ﬂ: (ﬂl: et ﬂn)-

Remark 3.2. For V=C>(N), one can prove that the algebra Diff( J') is generated
by Diff, (F). This is not true in general. For instance, consider the algebra
V=R(x,, x5, ... ) of polynomials in infinitely many variables. It is easy to see that

Der(V)= {i a,-S%, a;e V} .

On the other hand, D=2 %2, 3*/dx?eDiff, (V) and one can easily see that D is
not a polynomial in variables from Diff, (V) [cf. (3.1)].

A useful tool to determine differential operators of order r is provided by the
following proposition.

Proposition 3.3. An operator De M° (V) is a differential operator of order <r if
and only if 6(x)'D=0 for all xe V.

Proof. Take xo, ..., x,eVand g, ..., l,e4. For x=1yx, +---+,x, we have

0=4(x)"*(D)

r+1) . _
T o+ +Z o (fol...i)l 1317 9(xg) "+ (x,)" (D).
fo+~+ir=r feeug,!

Since £ is of characteristic 0, the polynomials ¢{---¢/" are linearly independent and,
finding a suitable linear combination, we get that 6 (x)--6(x, ) (D) =0. m|

The multilinear differential operators are defined recurrently in a natural way.
Namely, DeM?(V) (p>0) is a differential operator of order <r, if i,(x)D is a
differential operator of order <r for each xe V'and n=0, ..., p, where

in(x)D(-x09 (] xp— 1 ) =D(x0’ s X5 X5 Xy ves xp—l ) .
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The space of all (p+1)-linear differential operators of order <r will be de-
noted by Diff? (V), the set of all (p+ 1)-linear differential operators will be de-
noted by Diff?(V'), and Diff*(V) =@, _, Diff?(V).

The antisymmetric differential operators will be denoted &« Diff? ( V'), etc. For
0<n<pand xeV define d,(x) : M?(V)-M?(V) by

Jn(x)D(XO’ tey xp)=D(x03 vwes X 13 XXy Xpgy 5 oees xp)_x‘D(XO: ey xp) .

We say that De M?( V) is a differential operator of order <r with respect to the nth
variable, if 9,(xy)--d,(x,)D=0 for all x,, ..., x,e V. By proposition 3.3, this is
equivalent to the fact that J,,(x)"*'D=0 for all xe V.

It is easy to see that De M?(V) is a differential operator if and only if it is a
differential operator with respect to all variables and the order of D is the maxi-
mum order of D with respect to all variables. Note also that §,(x) and J,(y)
commute for all 0<n, k<p and x, ye ¥V and that i,(x) and d;(y) commute for
n#k.

Let Der’={DeDift} (V) : i,(1)D=0 for 0<n<p} be the space of all (p+1)-
linear derivations [cf. (3.1)]. Also let Der*(V)=@®,, _, Der?(V) be the space
of multiderivations and &/Der? (V) and &/Der*( V) the same for antisymmetric
multiderivations. Diff*(¥) and Der*(V) [«/Diff*(V) and «/Der*(V)] are
clearly associative subalgebras of (M(¥V), ) [(&(V), A)]. One can prove
moreover that D, AD,e #/Diffét%_, (V) if D,e #Diff? (V) and D,e #Diff2(V),
which generalizes (3.2). Thus we get the following proposition.

Proposition 3.4.

(i) Diff* (V) is a graded Lie subalgebra of the graded Lie algebra (M(V), A).
Moreover, Diff* (V) is invariant with respect to the coboundary operators d,,
andd.

(ii) Dift*(V), «/Diff} (V) and s/Der* (V) are graded Lie subalgebras of the
graded Lie algebra (£ (V), A).

Proof. It is quite obvious that i(B)AeDiffét(V) for AeDiffé(V),
BeDifff (V). If 4 and B are antisymmetric, then
I(B)A(Xg, .oy Xa4ps1) = ; a(J)A(B(x,), xs+) ,

where J runs over all subsets of {0,...,a+b+1) with b+1 elements, J* is the
complement of J, x;=(X,,, ..., Xs,,,) With J; <--<Jp,, being elements of J and
o(J) being the sign of the permutation transforming (X, ...,Xz4p+1) IDLO
(xg, X)) _

In order to show that AA B is of order <n+k-1, it suffices to show that it is
of order <n+k—1 with respect to x,. The antisymmetric multilinear operators
of order 0 are trivial, so we can assume that n, k> 1. Hence A(B(x;), x.) is of
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order £n<n+k—1if0eJ*and

50(2)’1+ki(B)A (XO: ey xa+b+l)
=Xo ZI: 0(1)50(2)k3(1 , X1)00(2)"A(1, x;4) ,

where I runs over all subsets of {1, ..., a+b+ 1} with b elements. Hence
50(2)"+kAAB(Xo, oo Xawbt1)
=xo Y. [o(D)+(=1)**'a(I*)]

T
X 0(2)*B(1, x;)d6(2)"A(1, x1) =0.

Finally, i(B)A vanishes on constants if 4 and B do. o

Remark 3.5. For V being the algebra C*(N) of smooth functions on a manifold
N, &/Der* (V) can be interpreted as the space of all antisymmetric contravariant
tensors on N. The multiplication A coincides, up to some constant factors, with
the Nijenhuis-Schouten bracket.

4. Jacobi and Poisson algebras

Well-known examples of Lie algebra structures on the spaces C* (V) of smooth
functions on manifolds are those given by the Poisson bracket on symplectic
manifolds and by the Lagrange bracket on contact manifolds. Kirillov considered
in ref. [18] all possible Lie algebra structures on C=(N) given by differential
operators. He proved that such operators must be of order | and he described the
corresponding structures, which appeared to split into Poisson and Lagrange
structures given by symplectic and contact forms on leaves of generalized folia-
tions induced on the manifolds. The algebraic part of his work is covered by re-
sults we shall prove in the framework developed in section 3. Our methods are
different, but we hope that they touch the core of the problem. We call the alge-
braic structure Jacobi algebras after Lichnerowicz, who used the notion of a Ja-
cobi structure in ref. [23] in a geometrical but, as will be seen, corresponding
context.

Definition 4.1. A Jacobi algebra is an associative commutative algebra V with
unit 1 over a field 4 of characteristic 0 equipped with a skew-symmetric differ-
ential operator Pe #Diff' (V) which defines on ¥ a Lie algebra structure. P will
also be called a Jacobi structure on V. A Jacobi structure will be called a Poisson
structure on V, if P vanishes on constants, i.e., P(1, -} =0,
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Theorem 4.2. If P is a Jacobi structure on V and V has no nontrivial nilpotent
elements, then P is of order < 1.

Proof. For xeV put P.=iy(x)P. The Jacobi identity is then equivalent to
[P, P,]1=Pp(x ), 1.€., X P, establishes a homomorphism of the Lie algebra (V, P)
into the Lie algebra Diff (1) of differential operators on V. Let n=rank(P). Hence
P eDiff, (V) for all xe V. We will show that n=1.

Suppose the contrary. Let

k=max{rank((d, (z,)0,(z,)P) (-, 1)) : z}, ..., 2, €V} .

Since P is of order n with respect to the second variable, k> 0. Similarly to prop-
osition 3.3 one can prove that k=max{rank((d,(z)"P)(-,1) : ze V'} and that

there are uy, Zo € V such that dq(15)*6, (z5)"P#0 . (4.1)

Take x, y, ze V. Since P,, P,, [P,, P,] are of order <n and 2n—1>n+1 (n>1),
we have

0=5(Z)2"_l (P, Py]

- (2nn_ 1) ([8(2)"Py, 6(z)"='P, 1+ [8(2)" Py, 5(2)"P,]) .

Hence for each we V,
0=0(2)"P(d(2)""'P,(W))—0d(2)"~'P,(6(2)"P(w))
+3(z)"'P(8(2)"P,(w)) —d(2)"P,(d(2)"~'P(W)) .

Since 8(z)"P, =1io(u)d, (z)"P is of order 0, we can rewrite the above equality in
the form

0=4(8(2)"P,(1))d(2)"~"P(w) +(d(2)"~'P,(w)) (8(2)"P:(1))
~(3(w)a(2)"'P,(1))(9(2)"P(1)) =wd(2)"~'P,(6(2)"P:(1)) .

For fixed w, y, z the right-hand side, @(z, w, y, x), is a linear differential operator
with respect to x. All terms, except for the last one, are clearly of order <k, so
that

0=(03(to) 03 (up) @) (2, W, y, x) = —w(d5(tho) 03 (i) ¥) (2, ¥, X) ,

for all uq, ..., ue V, where ¥(z,y, x)=04(z)"~'P,(6(z)"P.(1)). It is easily seen
that

(03(w) P) (2, y, x) =01 (2)"~ 'P(p, do(u)d,(2)"P(x, 1))
+0,(u)d,(2)"~'P(y,6:(2)"P(x, 1)) .

Hence, inductively,
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0=(03(up)03(ux) ¥) (2, ¥, X)

M =

i

0, (u;)d,(z)"!
)

X P(, 0o (uo)-+0o(#;)0o ()0, (2)"P(x, 1)) ,

where the hat stands for omission, and further
k
Z O (tp) 0o ()00 (4r)6,(2)"P(1, 1)
i=0

*0,(4;)0,(2)""'P(+,1)=0 (4.2)

for all uy, ..., ux, ze V, since the corresponding operators are of order 0. Putting
Ug=--=u=2z1n (4.2), we get

60(2)%8,(2)"P(1,1):6,(2)"P(-,1)=0.
Hence (6,(z)%4,(z)"P(1,1))?=0 and

d0(2)%6,(2)"P(1,1)=0, (4.3)

since V has no nonzero nilpotent elements. Putting inductively in (4.2)
Up=-=U;=U, U4 == =2, we get finally in a similar way that

0o (u)“~'d9(2)4,(2)"P(1,1) =0, (4.4)

do(1)%8,(2)"P(1,1)6,(u)d,(z)""'P(-,1)=0. (4.5)

For te4 put z:=z+tuin (4.4). Similarly to the proof of proposition 3.3, the coef-
ficients of the polynomial

Q(1) =00 (u) =" (do(2) +1d5(u)) (6: (2) + 18, (1))"P(1, 1)
vanish. In particular,
ndo(u)*='60(2)d, (1)d,(z)"~'P(1,1)
+680(4)%6,(2)"P(1,1)=0.
Multiplying both sides by do (1 )*d,(2)"P(1, 1), we get
ndo(u)*'6,(2),(1)6,(2)"~'P(1, 1)-8o(u)%6,(2)"P(1,1)
+ (Jo(u)*d,(2)"P(1,1))*=0.

The first term vanishes by (4.5), so dp(u#)%d,(z)"P(1,1) =0 for all 4, ze V, which
contradicts (4.1), since

90(10)*d1(20)"P(x, p) =Xy (Uo) 81 (20)"P(1, 1) . m
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Remark 4.3. The assumption concerning nilpotent elements is essential. For in-
stance, let V' be freely generated by {x, y} with the condition x>=0. Then

9" 9"
P = -
(u,v)=x (ay" (w)v 3 (v)u)
defines a Lie algebra structure on ¥V and P is clearly of order n.
Let now P be a Jacobi structure on ¥. We know now that Pe «Diff} (V). By
(3.1), Dy:=P.—Hp 1,eDer (V) for each xe V. Define Qe &' (V) by

Q(x,y)=P(x,y)—xPy(y)+yP1(x).

2is a bilinear derivation, since Q(x, - ) =D, —xD,, and we can write P=Q+dD,
where D= D, and d is the coboundary operator defined in section 3. Since P de-
fines a Lie algebra structure, PAP=0, or equivalently

QAQ+2QAdD+dDAdD=0. (4.6)

One can easily check that dDAdD=0 for DeDer(V) and that QAdD=
d(QAD)—D AR for all QeDer!(V), DeDer(V), so (4.6) is equivalent to

QAQ+2d(QAD)-2DAR=0. (4.7)

It is easy to see that for AeDer*( V) we have iy(1)4=0 and iy(1)d4A=A, so ap-
plying iy (1) to (4.7) we get QAD=0. Thus (4.7) is equivalent to the system of
equations

(i) DAR=0,

(ii) QAQ=2DA Q.
Since in the case V=C*®(N) and for DeDer(V) the map Der*(V)
34~ DA AeDer*( V) corresponds to the so-called Lie derivative along the vector
field D (which is usually written as .%,), we get algebraically the same formulas
as Kirillov in ref. [18] and Lichnerowicz in ref. [23].

We summarize the results in the following theorem.

Theorem 4.4. Suppose that V is an associative commutative algebra with unit over
a field of characteristic 0 containing no nonzero nilpotent elements. Then the fol-
lowing are equivalent:

(i) Pe o DifT! (v) is a Jacobi structure on V.

(ii) P=Q+dD, where QeDer'(V), DeDer(V) satisfy the conditions (a)
DAQ=0, (b) QAL=2D A Q Moreover, D=0 if and only if P is a Poisson structure.

From now on we will deal with algebras V containing no nonzero nilpotent
elements and hence, by theorem 4.4, with Poisson structures given by bilinear
derivations. In this case our algebraic concept agrees with the usual one due to
Krasil’shchik and Vinogradov [21] (they call this object the canonical algebra)
and Guillemin and Sternberg [16]. Graded versions of this definition are due to
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Braconnier [6] and Krasil’shchik [19,20].

It is easy to see (@Der*(V), A, A) is a graded Poisson algebra, We also have
a Poisson algebra structure on the space of symmetric multiderivations (cf. ref.
[4]).

Let now P be a Poisson structure on an algebra V. Since P is a bilinear deriva-
tion, it is easy to see that d,,P=0, i.e., Pis a Hochschild cocycle. Thus m+¢ePis a
formal deformation of the multiplication m in V of order one. We will look for
special formal deformations of m of higher orders.

Definition 4.5. A formal deformation A,=m+eP+ X, ¥4, is called a star-
product for Pif, for each k> 1,

(1) A.eDiff* (V),

(ii) de(u,v) = (= 1) 4 (v, u),

(iii) A, is vanishing on constants, i.e., io(1)A4,=0.

The assumption that 4, vanish on constants ensures that 1 remains the unit in
the associative algebra (V,, A4,).

A significant example of a Poisson structure generated by no symplectic form
is the canonical Lie-Poisson structure on the dual #* of a Lie algebra % discov-
ered by Lie. The orbits of the coadjoint action of the corresponding Lie group are
exactly the symplectic leaves of this structure, which was rediscovered by Berezin
and, finally, by Kirillov and Souriau.

Regarding elements from & as functionals on .#*, we can write P(x,y) =[x, y],
where [ , ] is the Lie bracket in .#. Since any Poisson structure on C*(%*) is a
bilinear derivation, it is completely described by the action on functionals. In
local coordinates x,, ..., x,€. ¥ on ¥* we can write

P= Z [xnxj]ai/\aj >
ij

where 3,=93/0,,.

Gutt [17] observed that a star-product for P is actually given by the multipli-
cation in the universal enveloping algebra %= % (.%) or, in other words, that the
universal enveloping algebra is in fact a star-product (quantization) of P.

Drinfel’d used in ref. [12] a direct formula for this star-product without men-
tioning it explicitly. Since the formula seems not to be widespread, we would like
to present a very short proof of it.

Let xi, ..., X,, be a basis of a Lie algebra .#. The symmetric algebra S=S(.%)
can then be naturally identified with the algebra of polynomials on #* and thus
regarded as embedded in C*(#*). On the other hand, S and % are naturally
isomorphic as vector spaces via the symmetrization mapping. Let us add a free
formal parameter ¢ putting the Lie bracket in % to be ¢[ , ]. We have the multi-
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plication * on %, which can be understood as an associative structure on S, (cf.
Dixmier [111]).

Theorem 4.6 (Gutt, Drinfel’d). (S, *) is a star-product for the canonical Poisson
structure on the dual ¥*. The multiplication » can be writien explicitly in the form

fro=fe+ ¥ -

X Z Carp ™ ca"p"e—(lml*'lﬁl) "a?m(f a)_/h(g
lai |+ 8il>1

where, for multiindices a,=a=(a',...a™), Bi=B=(B", ..., B), the functional
Capas an element from & is the coeﬁ‘icient inthe Campbell—Baken—Hausdorﬂ series,

CH(Z tixp, 2 8X) =3, X+ 3, 5% +38 Y tesilxge, x; 1+,
of the term

tasﬂ= tal tam ﬂl sBm

m m

and 9% denotes 992",

Proof. Let x and y be elements of a (e.g. free) Lie algebra %, with the bracket
¢[ , ]. In the universal enveloping algebra (%, * ) we can write

e *e'w-—eCH(" Sy )

where CH (¢x, sy) = Z t*s#c, is the Campbell-Baker—Hausdorff series. We have

) 1
et.\*es,\v= Z I'h' IIth *y*h

and since x*'=x', p*"=y" are symmetric we can get the symmetric form of x'+y"
(i.e. on the level of the symmetric algebra S,) just by looking at the coefficient
t's" on the right-hand side (which is clearly symmetric). This implies

21
1, 5,/
X *y':l!h' ZI n Z Z Ca“gl Ca,,ﬁ,,e
h= ar=1
SPk=h

I+h—n

Since ¢,o=x and c,, =, it is easy to check that the right-hand term equals

[ h+ Z - Z CC(IBI Cdnﬁnag(ak-*ﬂk) "as‘ak(x )aYBk(yh)

n=1 n lox >0
|Bk| >0

Putting S £,x; instead of zx and I s;x; instead of sy and passing to multiindices
we get the desired formula. m|
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Remark 4.7. In a more transparent form
Jeg=exp[ (CH(a, b)—a—b)/e] (/®g) ,

where a=2 x,®09,8id, b= 3 x;®id®9,, Lie brackets and the exponential are from
the associative algebra %, ®Diff®@ Diff, Diff being the associative algebra of dif-
ferential operators on .#* with constant coefficients, and

u® AR Be #QDiff@Diff ~ S® Diff @ Diff c C= (.¥*) @ Diff @ Diff
actson f®@gby u®ARB(f®g)=uA(f)B(g).

The first terms in the formula are as follows:

fre=fgt+ % 2 [xi, 518:(/)9,(g)
DN EA [EREALENTHLNE)

2
+ 12 % Do 5511 (88,03 (8)+ 8 ()83 8))
+0(e?)

e
=fg+3 Y cix,0;(f)8;(g)
62
+ ) > C?}Cﬁlxnxh 0,0, (/)9;9,(g)

2
+ 55 T chichxa(d,(1)3,(8)+ 8 ()33, (8))

+o(&?),

where cj; are the structure constants of %.

The next part of this note will be devoted to problems concerning the existence
and description of star-products.

It seems that we cannot retain all generality to obtain reasonable results. There-
fore we shall suppose that the Poisson structure P is of the form P=2;; a;D; a
D;, where a;e4 and D;eDer (V). It is not a very restrictive assumption, since every
Pe o/Der! (V) is of this form for most algebras ¥ which can appear in applica-
tions, e.g., for algebras of smooth functions on manifolds. Since we shall look for
an explicit formula for star-products which would be good for every algebra V,
we can make use only of the properties of derivations D,, i.e., only of formal prop-
erties of derivations and the structure of the Lie algebra .# generated by {D,}.
Therefore we must work on a “‘formal level”, i.e., we can only use the tensor
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algebra of the universal enveloping algebra of #. As a result we get, in some cases,
a formula for star-products on the level of this tensor algebra which can be easily
translated into the language of differential operators.

The next section is therefore devoted to a description of the necessary proper-
ties of the tensor algebra #®=® <, #®" of a universal enveloping algebra over
a Lie algebra. We introduce a graded Lie algebra structure on #® compatible with
the graded Lie algebra structure on Diff*( V) and the notion of a Poisson element.
We show that Poisson elements are exact solutions of the classical Yang-Baxter
equation. We introduce and compute analogs of Hochschild cohomology as well.

5. The calculus on tensor algebras of universal enveloping algebras

The set Der( V) of derivations of an associative commutative algebra has a
natural structure of a Lie algebra. On the other hand, any Lie algebra % (over a
field of characteristic 0) has always a faithful representation in Der(V) for V
being the dual 4* of the universal enveloping algebra #=%(%) (see, e.g., ref.
[11]). The associative structure on %* is defined by

g, ud={®g, c(u)) forallf,ge¥U*, ucu,

where ¢: #->UQ% is the coproduct in %, and the representation
R: #-Der(4%*) is given by

(RS ), ud={f, xu) .

R can be clearly extended to an associative algebra representation
R: 4-Diff(#*) and since it is obvious how to define the extension
R : %® - Diff*(4*), which is a mapping of graded vector spaces for #® being
the tensor algebra #® =@, #®", we will show how to define a graded Lie al-
gebra structure A on #® for which R is a homomorphism of graded Lie algebras.
Since it makes sense for an arbitrary bialgebra, we start in all generality.

Let % be a bialgebra in the sense of Bourbaki [5] over a field £ of characteristic
0, i.e, an associative algebra with unit 1 equipped with a coproduct ¢ : - %® %
which is a homomorphism of associative algebras (#® % has the obvious asso-
ciative algebra structure) and which is coassociative, i.e.,

(id®c)oc= (c®id)-c.

A standard example is the universal enveloping algebra % (.¥) of a Lie algebra &
for which the comultiplication has the form

c(D)=DR1+1®D forDeLc¥.

All this has a slight generalization. Namely, we have
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CkZ 0[/—)01/1(-“, %k+l=g?/®(k+l)= %®®g”,

k+1 times
which is a homomorphism of associative algebras defined inductively by
M= (1d®1d®--®id®c).c*, c¢'=c.

The ordering of id and c in the definition of ¢* does not matter because of the
coassociativity of c.
For the universal enveloping bialgebra % (.¥) we have

*(D)=DR1®--®1+ 19 DR 1® - @1+ +1®--®1®D

for De %. In other words, ¢* is the homomorphism induced by the diagonal ho-
momorphism of Lie algebras ¥—¥X--X%. Elements D in # for which
c"(D)=DR1Q-- @1+ 19DR1Q - ® 1+ + 18- ®1® Dare called primitive and
it is well known that the set of primitive elements coincides with .£.
For0<ig<pand 0<j<p+1, define I¥, ¢f : «P+' - 4P+ *' by

€ (X ®+®X,) =X ® - ®X;_ ) BcH (X)) ®X;1 ) @B, ,
I (x0®®x,) =X ®®x;_, 18- §1®x,®--®x, ,

It is obvious that ¢ and I¥ are homomorphisms of associative algebras and that
ctec?=c*" for all 0<i<a because of the coassociativity of c.
For Ae #°*", Be %°*' put now

((B)4= i (= 1)*c(A4)-I§(I531(B)) ,
k=0

.M
.

stands for multiplication in #°***!, and
AAB=i(B)A+(—1)?®*'(4)B.

For antisymmetric tensors AeA°*'% and BeA°*'% define the antisymmetric
products by

where

_ !
AAB= (a+b+1)!

= ma(AAB) ,

where o is the antisymmetrization projector.

Theorem 5.1. Let % be a bialgebra. Then the pairs (%®, A) and (A*U, A) are
graded Lie algebras with elements from %**' and A**' % being of rank k.

Proof. Observe first that, for Be %**+!, i(B) : %®— %® is a graded derivation of
the tensor algebra (#®, ®) of rank b, i.e., i(B) : #°>%°*? and for Ae %°+",
Ce%*! we have
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I(B)ARC=i(B)A®CH+ (—1)*"4®Ii(B)C.

Since the graded derivations form a graded Lie algebra and since i(B) =0 if and
onlyif B=0 [i{(B)1=B], it suffices to show that for Ae #°*', Be #**' the graded
commutator

i(B)ei(A)+(—=1)**'i(A4)-i(B)

equals i(A4 A B). Moreover, it suffices to check it only on generators of the tensor
algebra, i.e. on %.
Let Xe %. We have

i((B)-i(A)X=i(B)(c*(X)-A)

b
= kgo (=1)*c(c®(X) ) -ck(4)-T§(I53K(B)) .

Since cf(c?(X) ) =c?*?(X) for all 0<k<a, we have for Xe %
i(B)+i(A)X=c"*>(X)-i(B)A,
i(B)ei(A) X+ (—1)®*'i(4)-i(B) X
=c?*Y(X)-(AAB)=i(AAB)X . m]

Since (1®1) A (1®1) =0, similarly to section 2, we get a coboundary operator
e : U 5 U2 setting dygd= (—1)9(1®1) AA, or explicitly

tipe (X0 @ ®X,)

=(=1)* T (=D eu(d) ~ X8 @x, @1+ (= 1)* 1@x 8@,

k=0

- (—U“ﬁo (= 1)kxo® @y (X)) BB, ,

where ¢;(x) =c(x) — (1®x+x®1). This shows that the cohomology of 9357 de-
pends only on the coalgebra structure of the bialgebra (%, ¢). One can check that
¢4 1s a new coassociative coalgebra structure.

Theorem 5.2 Let (%, c) be a coassociative coalgebra.

(i) If eeU satisfies c(e)=e®e, then c,: U-URU defined by c,=c
—(e®id+1d®e) is another coassociative coalgebra structure on %.

(ii) The map 9, : U*— U*, where U* is the tensor algebra over % and d_ is defined
by

B (X0®®x,)=(=1) ¥ (=1)*%®®c(x)®®x,,
k=0



64 J. Grabowski / Abstract Jacobi and Poisson structures. Quantization and star-products

is a coboundary operator, i.e., 32 =0.
Proof. By straightforward computation. |

Now we can introduce the cohomology of a given coassociative coalgebra (%, c)
putting H(%, c)=kerd./im 0.. The following result describing the cohomology
of a coalgebra # (%) can be regarded as a generalization of the classical result of
Vey [28] about the differentiable Hochschild cohomology of the algebras of
smooth functions on manifolds.

Theorem 5.3. Let (%, c) be the universal enveloping bialgebra of a Lie algebra &
over a field of characteristic zero. Then the cohomology space HP (%, ¢;) is iso-
morphic to the space AP ¥ of antisymmetric tensors over &. More precisely, if Ae U
is a cocycle, then its antisymmetric part o:(A) belongs to A?PY and A—a(A) isa
coboundary.

Proof. The coalgebra structure of (%, ¢) is known to be isomorphic to the coal-
gebra structure (S(.¥), ¢) of the symmeiric algebra S(.¥) over the vector space
& (Bourbaki [5]), which is a generalized version of the Poincaré-Birkhoff-Witt
theorem. In other words, we can consider the Lie algebra & to be commutative.
Since the isomorphism preserves unity, also the coalgebras (%, ¢;) and (S(%¥), ;)
are isomorphic, so H? (%, ¢y) = H?(S(%), ¢3).

Looking carefully at the proof of the theorem describing the differentiable
Hochschild cohomology of the algebra C*(N) in ref. [7], one can see that the
authors make all the computations on the level of some algebra of polynomials
which is nothing but the symmetric algebra over some finite-dimensional vector
space. More precisely, the C®(N) module of multilinear differential operators
on C*=(N) is locally freely generated by the subalgebra S of polynomials with
respect to 9/0x;,..,0/0x, and we have (locally) an isomorphism
HE5g(C=(N),0)=~H"(S, c1), where ¢ is the Hochschild coboundary operator for
C=(N) and ¢ is the natural coalgebra structure on S. The fact that we deal with
polynomials in a finite set of variables plays no role in the proof, so we can just
repeat the proof of Cahen, De Wilde and Gutt [7] to get H?(S(¥),¢;) ~APL.

O

From now on % denotes the universal enveloping bialgebra of a Lie algebra &
of finite dimension over a field £ of characteristic 0. Let ¥ be an associative com-
mutative algebra over £ and let J: ¥—Der(V) be a Lie algebra homomorphism.
J extends to a homomorphism J : %— Diff( V) of associative algebras and further
to a homomorphism J : #® - Diff*( V) of the tensor algebra (#®, ®) into the
associative algebra (Diff*(¥), -) (cf. section 3) by
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J(Xo®--®X,)=J(Xo) -+ J(X,) .
We also have an induced homomorphism of graded commutative algebras
J : A*% - o Diff* (V). Obviously, J(1®1) = m is the multiplication in V,

Theorem 54. J: #® -Diff*(V) is a homomorphism of graded Lie algebras
(%®,A) and (Dift*(V),A). The same is valid for (A*%,A) and
(&Diff*(V), A).

Proof. 1t suffices to show that J(i(B)A)=i(J(B))J(A4), which can be reduced
to the proof of the equality
J(cb(4)-B)=i(J(B))J(4)

for Ae ¥ and Be %**'. Since c®: #— %**"' and J: #®->Diff*(V) are homo-
morphisms of associative algebras, it suffices to take 4 from %. Then

J(c?(A) X, ®®X,) =J(AX, ® X, @ @ X+ + X, ® @ X,_, ®AX,)
=J(A)J(Xo) J( X)) - J(Xp) +-+T(Xp) oo J(XKp_ 1 )" J(A)(Xp) .
By definition
(J(AW(Xo) J(Xy) oo T (XKp) -
+J(Xp) - J(Xp_1 ) J(A) (X)) (ug, ..., Up)
=J(4)J(Xo) (uo)--J(Xp) (up) + -
+J(Xo) (o) J(A)J(Xp) (us)
and since J(A) is a derivation, the last line equals
J(4) (J(Xo) (o) I (Xp) (up)
=i(J(Xo) - J(Xp) ) (A) (ug, ...y Up) - o

In view of section 4 it is now natural to introduce the following definition.

Definition 5.5. We call an element P from 424, , where %, is the ideal in % gen-
erated by &, a Poisson element, if PAP=0.

Theorem 5.6. P is a Poisson element if and only if Pe A> ¥ and P satisfies the clas-
sical Yang-Baxter equation

[PO’PI]-’- [pOa IF[‘Z’.]-’- [pnlpz] =0 s
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where we write for convenience P, instead of I, (P) and the brackets denote the
usual commutators in the associative algebra U®>.

Proof. Instead of proving directly that Pe 4>, we will make use of theorem 4.2.
Consider the coregular representation R : ¥—Der(4*) and the induced homo-
morphism R : (A*#, A )— «/Diff *(#*), A). Since R(P) AR(P)=0 and R(P)
vanishes on constants, R(P) is a bilinear derivative by theorem 4.2 (%™ contains
no nilpotent elements), i.e.,

R(P)(xy, z)=xR(P) (y, z) +yR(P)(x, z) .

This in turn is equivalent to ¢, (P) =P, +P, (recall that P,=1®P, P,=P®1, and
P, has 1 inside), which means that components of P consist of primitive ele-
ments. Observe now that, since ¢y (P) =P, +P, and ¢, (P)=P, +P,, we have

PAP=2(c(P)P> —c) (P)Py) =2([Py, P,] +P,P, —-P,Py) ,

where the products and commutators are taken in the associative algebra #®°.
After antisymmetrization we get

0=PAP=([Py, P, ]+ [Py, P>]+ [P,,P,]) . o

6. Star-products for Poisson elements

In this section we introduce and describe a star-product for a Poisson element
which is a quantization of the classical Yang-Baxter equation. The form of this
star-product follows from a result of Drinfel’d [12] and can be viewed as a gen-
eralization of the Moyal product. This formal star-product derives a star-product
for some, we would say computable, Poisson structures. It only depends on alge-
braic properties of the Poisson structure. Since no geometry is involved, the
method covers geometrically degenerate cases as well.

Note, finally, that the Moyal product is usually described as an exponential of
the corresponding Poisson structure. In fact, this has a precise and unambiguous
meaning on the tensor product level only.

Let us consider “formal deformations” of 1®1e #>. Similarly to section 2, de-
fine a formal deformation of 1®1 to be a formal series A, =11+ X, ¥4, where
Are %* and A,AA,=0. We define formal deformations of order k in an obvious
way and we clearly have an analog of (2.6) with ;g4 instead of d,,.

Definition 6.1. Let P be a Poisson element of the tensor algebra of the universal
enveloping algebra # over some Lie algebra . A formal deformation A, =1®
1+eP+ X%, X4, is called a star-product for P if, for every k> 1,
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(1) A4, is antisymmetric if k is odd and symmetric if k is even,
(i1) A, is “vanishing on constants”, i.e., A€ %3 .

Note that, if A, =101+&P+3, ¢4, is a star-product, then P,=P+
>, €*454, is a formal deformation of P, i.e., P, AP, =0. The following prop-
osition describes the term of order 2 in star-products.

Proposition 6.2. If P=37,_, a,D,®D;eA*¥, a,=—a,;, is a Poisson element,
then P AP = O1544,, Where

L1
A =1P>+ 3 ZA , a;ay(Di[D;, D;1® D+ D ®D;[ Dy, D;]) + 941 B,
LK,
and Be 4.

The proof is just a matter of computations and we omit it. Note only that
P2=P-P is the square of P in the algebra #® %.

Let us now see which problem appears when we try to obtain the higher-order
deformations inductively. Suppose that 1®1+ &P+ £24, is a star-product of order
2. Thus PA A, is a 031 cocycle. Define o : #°— % by 0(x®y®z) =zQy®x. It is
easy to see that g(91e94 ) = O4g1d if A€ ¥* is antisymmetric and g (03g1d ) = — 0314
if A is symmetric. One can check that g(PAA4,) =P A A4,, so that the antisymme-
tric part of PA A, vanishes and P AA4,=0,594;. Moreover, by the above property
of g, 45 can be chosen antisymmetric. Since P and A, contain no elements of the
form 1® X, PA A, contains no elements of the form 1® X®Y or X®1® Y, and A4,
can be chosen “‘vanishing on constants™ as well. Unfortunately, direct computa-
tions of 4, are complicated and we omit them.

To obtain the term of order 4, it is now necessary that 2PAA;+4,AA, isa
coboundary. Since it is a cocycle, it is a coboundary if and only if its antisymmet-
ric part vanishes, i.e., if and only if PA4;=0 and we must work in “Chevalley
cohomology”. This is the most important step in the symplectic case and it is
overcome by means of hard computations using properties of symplectic
connections.

It is interesting that the whole procedure can be repeated in an exponential
notation. Namely, we shall look for star-products of the form A, =exp(eP+
¢2B, + ), where the exponential is taken with respect to the associative algebra
structure of #2. Since ¢y, ¢, Iy, I, : #*— %> are homomorphisms of associative
algebras, the condition A,AA,=0 can be written in the form

exp(eco(P)+&%co(Bs) + ) -exp (&P +&%[,(B>) + )
=exp (&, (P) +&%¢; (By) +-)-exp(&Py+ &Iy (By) +-) . (6.1)
We find the condition for B, using the Campbell-Hausdorff formula and the fact



68 J. Grabowski / Abstract Jacobi and Poisson structures. Quantization and star-products

that exponents coincide up to order k if and only if the arguments coincide up to
order k. Thus we get from (6.1)

$co(P), P2l +co(B2) +1(By) =3[, (P),Po] +¢,(B2) +1o(B2) ,
where [, -] is the commutator in 4°. Thus

1B =1 ([c/(P),Po] —[co(P), P,]),

and since, as one can easily check, ¢, (P) =Po+P,, ¢, (P) =P, +P,, and PAP=
([P, P, ]+ [P, P, 14+ [P,,P,]) =0, we get finally

ai@ﬂBz = % [pz, lP0] .

It is not hard to verify that B, satisfies this equation if and only if it is of the form
A, —1P? for 4, as in proposition 6.2. This is not surprising, since the term 3P? is
included in the exponential notation.

Further calculations become complicated and we note only that we have to
look for Bse % satisfying

204183 =[P, +P3, ¢o(B2) 1+ [¢)(B2), Py +P, ]+ [Py, Ix(Bs) ]
+ [IZ(BZ)) PO] +%[P2 +P0, [sz I}:DO] ] -

There is a case where we can give a simple answer. In this case all terms of higher
orders vanish.

Theorem 6.3. If P=3,;a;D,®D;c A>¥L is a Poisson element such that [P,,P,]
=0 (i.e., the D; commute pairwise}, then P is a Poisson element and exp(eéP) =
> o e"PX/K is a star-product for P.

Proof. By permutation of variables, [Py, P,]=0 implies [P,,P,]=0 and
[Py, P, 1=0 and hence the Yang-Baxter equation PAP=0, so P is a Poisson ele-
ment. Put A,=exp(&P). Then both sides of (6.1) are equal to exp[&(Py +P; +
P;)],s0 A, AA,=0. a

However, there is a general formula which can be derived from Drinfel’d [12].
Let us sketch briefly the idea.

A Poisson element P=3; ; o;D;®D;eA*>¥ can be regarded as a left-invariant
Poisson structure on the corresponding Lie group G. After reduction to the sym-
plectic leaf through the neutral element e which is a Lie subgroup, we can assume
that det(a;;) #0, i.e., that P corresponds to the left-invariant symplectic form 2
on G. As a form on % regarded as the space of left-invariant vector fields, Q=
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(b;) = (e;;) " in the basis {D,}. Since Q is closed, it defines a cocycle, i.e., a cen-
tral extension = %®R4 of the Lie algebra £. The Lie bracket [, ] in 2 is
defined for elements of < £ by [D,,D;] =[D;, D;] +b 4. The Lie-Poisson
structure on the dual (#)* [with the symplectic leaves being affine subspaces of
(£)*] admits the star-product A, described in theorem 4.6. This product is in-
variant with respect to the coadjoint action of G. Take pe(2)*, ¢(4)=1,
@(£)=0. The coadjoint action of G in (&)* gives us a local diffeomorphism
P : G- O(4) of G onto the orbit ¢ (4) of £. This mapping is equivariant, so the
pullback A, =@ ;' (A,) is a star-product for the symplectic structure on G given
by left-invariant differential operators. The algebra of left-invariant differential
operators is canonically isomorphic to the universal enveloping algebra % (%),
1.e., we get a star-product for P. Thus we get the following theorem.

Theorem 6.4 (Drinfel’d). Every Poisson element
P= 2 o,;D;®D;eA’¥

L)

admits a star-product A e U®*.

In spite of the fact that the above procedure is constructive, the explicit form
of A, is rather complicated. Every linear differential operator on G can be written
in the form 3, foD* with f,eC*(G) and D*=D{'----- D% e %(.¥). Having the
form of A, as in theorem 4.6, we can write

(==}

1 . . 1B
A =181+ } — % 0(Carp ) 0(Ca, g, ) (26) ECIN +1BD =n
n=1 N ja |+ B> 1

XP:(0*%) ()@ (37F)(e),

where é,4 are the coefficients in the Campbell-Baker—Hausdorff series,
CH(Z &Di, 25D) = T D+ ¥ 5;D;+4e ¥ o[ Dii, D1 4+,
of the term ¢%s”, and
(ZfaD™) (€)= L Ju(e)D"eU(L) .
Since
DL (A%) =D 1(9,) %o O 1(3,) ",

we can calculate @ ;' (0) (e) using the formulae

Q:l(am)= Z hmianiDi, Dk(hmn)= Z hmic;.m »
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where 4,,,, are the matrix elements of the adjoint action of & in the basis {D,} and
¢!, are the structure constants. Since clearly A,,,(€) =J,..,, we get (cf. proposition
6.2andref. [12])

A =101+&P

1
+82 (5 2 anaamemDn®Dan
1
+ g Z aniajaCZ'x(DmDn®Da +Da®DmDn)

+ é Z amkaajcf'jC;kDm®Da> +0(82) . (62)

Note that we can get a star-product for a Poisson element P=3,; a;D,®
D;eA*¥ for & being a Lie algebra over an arbitrary field of characteristic zero in
a similar way.

The above theorem enables us to construct star-products for Poisson structures
defined by Poisson elements. Let (V, P) be a Poisson algebra with a Poisson
structure P of the form P=37;_, a;D;*D;, where D,eDer(V) and g;€¥4, a;= —a;,
Jyi=1, .., n. Let & be the Lie subalgebra in Der (V') generated by {D,} and let %
be the universal enveloping algebra over . The inclusion J: &Z-»Der(V) ex-
tends to a homomorphism .J : #— Diff (V) of associative algebras and further to
a homomorphism J : (%%, A)— (Diff*(V), A) of the graded Lie algebras as in
theorem 5.4.

IfP=2};_, a;D;®D,; is a Poisson element in %%, then it has a star-product A,
and hence 4,=J(A,) is a star-product for P.

Corollary 6.5. Let P=2};_, a;D;-D;, where D,eDer(V) and a;eé, a;=—a;;, i,
J=i, ..., n, be a Poisson structure on an associative commutative algebra (V, m)
over a field 4 of characteristic 0. [fP=27,_, a;D;®D;e U®,% is a Poisson ele-
ment, then P has a star-product of the form J(A,), where A, is the star-product of
Pasin (6.2).

Remark 6.6. We usually have some freedom in writing a given Poisson structure
inthe form P=3., ; a;D;-D;, with a;e4 and D,eDer (V). Even if Der( V) is locally
freely generated as a V" module, we have for a given set of generators a unique
such form, but with a; from V. Since we must consider tensor products over £
and not over ¥V in order to have an associative algebra structure, we can, for in-
stance, decide whether to write the element (D, ®D,) with ueV, as (uD,)®D,
or D,® (uD,), etc.

This makes our approach far from unique, but it seems that it lies in the nature
of the problem. On the other hand, there is always the hope that we can choose P
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for P in such a way that P is a Poisson element and get the star-product in the
form J(A,).

If we are unable to write a corresponding Poisson element we always have a
star-product of order 2 and hence, by the cohomology properties, of order 3. The
question of the existence of a full star-product for a given Poisson structure is
open.

Theorem 6.7. Let P=%7,_, a;D;-D;, D;ieDer(V) and a;ek, a;= —a;;, i, j=1, ...,
n, be a Poisson structure on associative commutative algebra (V, m). Then P has

a star-product m+eP+¢&24, + &34, of order 3. The term A, can be written as

1
Ax(u, U)=§ AZ“a;jamDka(u)Dle(v)
LK,

+2 T a,au(DID, D (W)D(v) + D) DD, D)) .

Lk

Proof. This is just a matter of direct computations. m]

We shall end with some examples of Poisson structures and corresponding star-
products.

Example 6.8. We always have a star-product for a symplectic structure locally,
since the corresponding Poisson structure can be written in suitable coordinates
(xy, ..., X2,) in the form P=237_, 9; A9, ,, where d; stands for 3/dx;, and deri-
vations {0,} commute. The form of Pis invariant with respect to a suitable change
of coordinates, but the derivations 9; do not change linearly (over R), i.e., P=
20, (9;®0;4,—0,,,®9;) is not preserved as an element of the tensor product
over R and exp (&P) does not define a star-product globally. In special cases only,
e.g. when we have a torsion-free symplectic connection without curvature, does a
suitable change of coordinates preserve P and do we get the Moyal star-product.

Example 6.9. Consider the Poisson structure on R* defined on coordinate func-
tions a, b, x, yeC=(R*) by P(y, a)=yb, P(b,y)=ya, P(b,x)=xa, P(x,a)=xb,
P(x,y)=P(a,b)=0. Puiting A=x08,+yd,, B=bd,—ad,, one can write P in the
form P=24 A B. This is a quadratic Poisson structure. Since 4 and B commute,
we have a star-product 22 o eP*/k!, where

k

P"'(u, U)= z (_1)i(’;)Ak—iBi(u)Ain—i(v) .

i=0



72 J. Grabowski / Abstract Jacobi and Poisson structures. Quantization and star-products

Example 6.10. Consider an interesting Poisson structure P on the unit sphere
S?2 = R3 defined in global coordinates (x, y, z) in R3 by

P(x,y)=(1-z)%2z, P(z,x)=(1-2)%, P(y,z)=(1-z)x,
so that the corresponding two-tensor field P can be written in the form
P=2(1-2)2(zYAX+XxYAZ+yXAZ),

where X=29,—y9., Y=28,—x9., Z=xd,—yd, are vector fields on S2. Pis degen-
erate at (0,0, 1) and the rest of S* forms one two-dimensional symplectic leaf of
the corresponding Kirillov foliation. The vector fields X, Y, Z form the Lie alge-
bra sl(2,R), but at some effort one can write P using commuting vector fields
only. Namely, P=J(P), where P=4A®B—B®A and

A=_Xya.\'+(1_Z_y2)ay+(1_z)yaz s
B=(1—z—-x?)3,—xyd,+ (1—2z)x0,,

are tangent to S? and commuting vector fields. Thus we get a star-product for P
in the form formally as in example 6.9. Of course the coordinate form of this star-
product is rather complicated.

Example 6.11. Let the group G=2Z, act on R? by the reflection (x,y) - (—x,y).
The orbit space N=R?/G is a closed half-plane with the differentiable structure
induced from R?, i.e.,

V=C=(N)={feC*(R?) : f(x,y)=f—x,y)} .

The vector fields A= d,and B= (1/x)3d, define commuting derivations of V' (the
limit lim,_, B(f) (x,y) exists for every fe V) and hence P=A A B is a Poisson
structure on N. A star-product for P is formally as in example 6.9.

We are most grateful for the extraordinary hospitality and mathematical at-
mosphere provided by Professor R. Nagel and his colleagues at the University of
Tiibingen. We would also like to thank Professor C. Roger, who turned our atten-
tion to ref. [12].
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